In this paper, three-dimensional smoothed particle hydrodynamics (SPH) method is applied to simulate granular flow past simple types of obstacles. SPH is a mesh-free Lagrangian method and it has the ability to deal with problems with large deformations. An elastic-perfectly plastic model with Mohr-Coulomb failure criterion is applied to simulate the soil, and it describes the stress states of soil in the plastic flow regime. The model was validated by simulating the collapse of the three-dimensional axisymmetric column of sand with two different aspect ratios. The results showed that the SPH method is able to simulate granular flow. A small-scale granular avalanche experiment with different types of obstacles was simulated. The computational results showed a good agreement with the experimental results and the model is considered to be a capable tool for simulating the granular flow phenomena.
INTRODUCTION
Natural granular flows such as snow avalanches, debris flows, and devastating volcanic ash cause damage to properties and it lead to the lose of human life 1) . Studying granular materials and their deformation mechanism is very important in many fields such as mining, manufacturing, farming, manipulating granular materials, and also for designing effective defenses to save lives and infrastructure.
Simulation of granular flow often involves modeling of large motions of discrete particles, as well as, modeling of the deformation of the soil mass. In the previous studies, the discrete element method (DEM) and the finite-element method (FEM) have been widely used to solve problems dealing with granular materials. However, using DEM is limited to small-scale problems because it is computationally demanding. Moreover, FEM cannot handle problems with large deformations at which mesh distortion may occur.
Recently a new class of numerical methods has been developed called mesh-free methods. Mesh-free methods do not require Eulerian grids and it deals with a number of particles in a Lagrangian framework. They are considered to be more effective than Eulerian methods in dealing with large-scale problems involving large deformations. The key idea of these methods is to provide an accurate and a stable numerical solution for the partial differential equations using a set of distributed particles in the domain without using any grid.
Many mesh-free methods have been developed. Among these methods, the smoothed particle hydrodynamics (SPH) method is widely used. SPH method is a mesh-free particle method and it is considered to be one of the most modern mesh-free particle techniques. It was originally invented for astrophysical applications 2), 3) ; then it has been applied in a huge range of applications such as dynamic response of material strength 4) , free surface fluid flow 5), 6) , incompressible fluid flow 7) , multi-phase flow 8) , turbulence flow 9) , and snow avalanching 10) . In SPH method, each particle in the domain carries all field variable information such as density, pressure, velocity and it moves with the material velocity. The governing equations in the form of partial differential equations are converted to the particle equations of motion, and then they are solved by a numerical scheme (PredictorCorrector algorithm). The elastic-perfectly plastic model based on Mohr-Coulomb's failure criterion is implemented in the SPH formulations to model the granular flow.
In this paper, the SPH method is first applied to simulate the collapse of 3D (Three-dimensional) axisymmetric sand columns with two aspect ratios, to insure that the proposed model can simulate the granular flow. The results show a good agreement with experimental results in terms of final runoff distance, and the deposition shape. The model is then applied to simulate a simple granular avalanche experiment which was conducted by Yellin et al. 11) . The computational results were compared with the experimental results and good agreements were found among them. The numerical results obtained in this study have shown that SPH could be a suitable method for simulating granular flow.
GOVERNING AND CONSTITUTIVE EQUATIONS FOR SOIL
The governing equations of soil in the framework of SPH consist of linear momentum and continuity equations expressed as follows,
where α and β denote the Cartesian components x, y and z with the Einstein convention applied to repeated indices; ρ is the density; v is velocity; is stress tensor, is component of acceleration caused by external force, and D/Dt is material derivative, which is defined as,
The stress tensor, , consists of two parts: anisotropic pressure P and a deviatoric stress S,
Modeling the behavior of soil using the SPH method is similar to that for water. The key difference between these two models is in the way of calculating of the stress tensor in which the pressure and stress-strain relationship of soil are calculated differently. Following Bui et al. 12) , the soil is assumed herein to be an elastic-plastic material. The pressure term in equation (4) is calculated using an equation of state, which has a function of density change. Since soil is assumed to have elastic behavior 12), 13) , so the pressure equation of soil will obey Hooke's law, as follows,
where K is bulk modulus; ΔV/V is the volumetric strain; and is the initial density of soil. The rate of change of the deviatoric shear stress dS/dt can be calculated by the shear modulus, μ, using the Jaumann rate from the following constitutive equation,
where = + + , is the strain rate tensor and is the rotation rate tensor. It can be defined by,
SPH FORMULATION
The SPH method is a continuum-scale numerical method. The material properties ( ), at any point x in the simulation domain are calculated according to an interpolation theory over its neighboring particles which are within its influence domain as shown in Fig. 1 14) , through the following formula,
where h is the smoothing length defining the influence domain of the kernel estimate and W (xx', h) is the smoothing function, which must satisfy three conditions 15) : the first condition is the normalization,
the second one is the Delta function condition,
and the third condition is the compact condition,
where k is a constant depending on the type of smoothing function. There are many possible types of smoothing functions, which can satisfy the aforementioned conditions. The most known function, among them, is the cubic spline interpolation function, which was proposed by Monaghan and Lattanzio 16) , and it is defined as: where = in 3D space, and = . In the SPH method, the calculation domain is represented by a finite number of particles, which carry mass and the field variable information such as density, stress, etc. 15) . Accordingly, the continuous integral representation for ( ) is approximated in the following form:
Using equation (14), the approximation function of each particle i can be written as,
Equation (15) states that the value of the function at particle i is approximated using a weighted average of those values of the function at all other particles in the influence domain of particle i. Following the same argument, the particle approximation of the spatial derivative of a function at any particle i is,
Using the concept of the SPH approximation the system of partial differential equations (1) and (2) can be converted into the SPH formulations which will be used to solve the motion of soil particles as follows:
Similarly, the SPH approximation of the strain rate tensor and the rotation rate tensor for particle i can be expressed as following:
By combining Equations (6), (19) and (20), the deviatoric shear stress components can be calculated. Then, they are compared with the maximum shear stress ( = + ) in the plastic flow regime of the soil, which determined by the MohrCoulomb failure criterion. Here c is the cohesion and is the angle of internal friction of the soil.
To prevent shock waves and the penetration of particles, an artificial viscosity has been introduced to the pressure term in the momentum equation. The most widely used type is proposed by Monaghan 14) and specified as follows
where:
where and are constants and were taken 1.0 and 1.0, respectively; ε is usually taken 0.01; c and ν represent the speed of sound and the particle velocity vector, respectively.
Finally the momentum equation after introducing the artificial viscosity becomes in the following form:
TEST CASE
In order to validate our model and show its capability numerical simulations are conducted to simulate the experiments done by Lube et al. 15) on the collapse of a vertical 3D axisymmetric column of sand. Lube et al. 17) observed that the flow behavior of granular columns depends on the aspect ratio a = Hi/Ri, where Hi and Ri are the initial height and radius of the granular column, respectively. They concluded that the final runoff distance and collapsed column height can be expressed only in terms of aspect ratio and initial radius and independent of any friction coefficient. Two experiments were selected with aspect ratio equal 0.9 and 2.75, respectively; and simulated using the SPH model. The initial radius of the column was 0.1 m and the numbers of fluid particles used in these simulations are 22590 and 69025, with 0.005 m initial distance between particles. The used values of the bulk modulus, Poisson ratio, friction angle, and density are, 5 MPa, 0.3, 30 o , and 2600 Kg/m 3 , respectively. Fig. 2 shows a comparison between the numerical and experimental results for the collapse of the sand column with a = 0.9. The numerical results show a good agreement with the experimental results in terms of the final run-out distance and deposit profile. However, we have indicated differences in terms of the final top shape of the cone and its sharpness. Lube et al. 17) indicates that a very sharp cone at the top of the final cone remains at the initial height, but in SPH simulation a slight decrease in the final height is observed as shown in Fig. 2 (c) . It is probably because the number of particles is not adequate to give smooth and reliable results. Moreover, for simplicity, a zero dilation angle of sand is assumed, which lead to weaker soil in the SPH model 18) . In addition, the angle of repose, after soil collapse in the simulation, is smaller than that obtained from the experimental results. Fig. 3 shows a comparison of the normalized final deposit height of SPH simulations for the two cases together with a fit curve from experimental data observed by Lube et al. 19) , and it illustrates that the computed final deposit height is slightly lower than the values predicted from the experimental data.
GRANULAR AVALANCHES MODEL TEST
The study of granular flows with and without obstacles has attracted many researchers in the recent years, because of its importance in the design of effective defense structures and to protect human life and infrastructure from geophysical mass flows.
Many experimental studies were conducted to investigate the behavior of the granular flow 19 ), 20), 21) . In the present study a small-scale granular avalanche laboratory experiment, conducted by Yellin et al. 11) in the Hydraulics Research Laboratory at Hokkaido University, is considered. o . An amount of quartz sand (2.04 kg) was initially founded in starting box, located at 30cm from the top of the second panel. Grid lines were drawn on the panels, with 10 cm intervals in order to know the particle positions and their speed.
These experiments were done originally as a starting point to design of energy dissipater for snow avalanche. They used three different types of obstacles as shown in Fig. 5 .
Case1: 1cm square columns with 1 cm spacing. Case2: 2cm square columns with 2 cm spacing. Case3: 1cm square columns in a staggered shape.
(2) Numerical simulations Simulation of the granular flow avalanche was carried out using the proposed SPH model. The number of particles used to simulate the soil mass was 12054, with 0.005 m initial distance between particles. These particles had the following properties: density = 1500 kg/m3, Young's modulus E = 150 MPa, internal friction angle = 32 o , and passion ratio = 0.3.
(3) Results and analysis
Figs. 6 -8 represent a comparison between the experimental and numerical results in term of the final deposition shape and particles spreading in the three cases. A good agreement between simulated and experimental results is found when we used the suitable number of particles; however, we can notice that the final simulated deposition shapes are almost symmetrical around the longitudinal centerline unlike the deposition forms resulting from the experiments. Also, in cases 1 and 3, some particles were deposited above the obstacle in the experimental results while in case 2, with wider spacing between obstacles, there is no deposition occurs above the obstacle, and these results were successfully confirmed by the numerical results. There are small differences between SPH and the experimental results, the position of the leading edge stay almost same in both numerical and experimental results until t =1.4 s. After that the speed of particles in the experiment decreased and finally stopped at t = 3.0 s, while in the simulated particles moved faster until t =1.7 s, then gradually stopped.
In order to investigate the efficiency of the obstacles, Yellin et al. 11) called the area upstream the obstacles as Area 1, and the area downstream the obstacles as Area 2, as shown in Fig. 5 and then they measured the weight of deposited sand in each area to derive an efficiency factor of the obstacles as, Efficiency factor = (sand weight in A1+A2 /2.04 kg) ☓ 100%. In our simulations, we counted the number of deposited particles in those areas. Table 1 shows the efficiency factor for the experimental and simulated results. It is clear that in all cases the efficiency factor from the numerical results is less than the calculated from the experimental results. 
CONCULSION
In this paper the SPH method, which is mesh free, Lagrangian, particle method, is used to simulate granular flow past obstacles. The elasticperfectly plastic model has been implemented in the SPH framework to model the granular materials. The model is validated by the experiments on the collapse of 3D axisymmetric column of sand. A good agreement was observed between the numerical and the experimental observations. Simulations of granular flow avalanche experiments with different types of obstacles were conducted. Numerical results for the final granular deposition shapes, spreading of the particles and the position of the leading edge are found to be in good agreements with the experimental resulted. The efficiency factor from the experimental results in all cases is slightly greater than the calculated from the SPH results. These results showed that SPH could be a powerful method for solving problems dealing with granular materials subjected to large deformation.
